We present a semi-analytical model to study the dynamics of quasi-electrostatic whistler (hereafter, referred to as QEW) waves in Earth's outer radian belt. QEW wave is a new mode of whistler waves and comes into existence when a whistler wave propagates obliquely close to the resonance cone angle. The equations for self-driven QEW waves and density perturbation are obtained by a fluid model and solved using a high-performance numerical simulation. The wave localizes and therefore generates filaments/or thin sheets obliquely to the ambient magnetic field by ponderomotive effect, which arises due to a QEW wave. These thin sheets become more complex and intense with time and finally saturate when the modulational instability attains a quasi-steady state. To analyze the turbulence from QEW waves in the radiation belt, we present the electric field power spectrum of QEW waves with frequency. The spectrum can be given by the power law having scaling of the order off 2.3 at high frequency, i.e., in the dissipation range. The steeper spectrum at higher frequency may result from the energization of charged particles by energy taken from the fluctuations.
Introduction
Even after several decades since their discovery, the dynamics of Earth's radiation belts and acceleration of electrons in this region are not completely known. Solar wind is believed to be one of the main sources of the high-energy electrons (∼15 MeV) in the radiation belt (Li & Temerin 2001; Mauk et al. 2013) . But how the electrons in solar wind, having a temperature around 10 eV, energize the electrons in radiation belt to such high energies is an open question, and therefore the main topic of research in this region. After launching several space missions (i.e., Combined Release and Radiation Effects Satellite (CRRES), Solar Anomalous and Magnetospheric Particle Explorer (SAMPEX), Radiation Belt Storm Probes (RBSP), Solar Terrestrial Relations Observatory (STEREO), and Time History of Events and Macroscale Interactions during Substorms (THEMIS); Li & Temerin 2001; Cattell et al. 2008 Cattell et al. , 2015 Cully et al. 2008; Baker et al. 2013; Mauk et al. 2013; Reeves et al. 2013) , this field has drawn more scientific attention.
Whistler waves (Kennel & Petschek 1966) were considered to play an important role for the acceleration of electrons via wave-particle interactions, and kinetic theory (Kennel & Petschek 1966; Summers et al. 1998; Roth & Hudson 1999; Summers & Ma 2000; Meredith et al. 2001; Horne & Thorne 2003; Albert & Young 2005; Horne et al. 2005; Lakhina et al. 2010 ) was used to investigate the acceleration of electrons by these waves. These waves, being an extraordinary mode of electromagnetic waves, are usually noticed in almost all parts of the ionosphere and magnetosphere (Helliwell 1965; Walker 1976; Shawhan 1979; Alpert 1980 Alpert , 1983 Carpenter 1983; Yoon et al. 2013; Artemyev et al. 2016 Artemyev et al. , 2013 Earlier, it has been assumed that the amplitude of whistler waves is low and they accelerate the electrons by multiple stochastic interactions (Meredith et al. 2001; Horne & Thorne 2003; Albert & Young 2005; Horne et al. 2005) . But, after the observations of large-amplitude whistler waves (Cattell et al. 2008; Cully et al. 2008) , it was considered that the energization of electrons by small amplitude whistler waves on timescales of hours to days may not be sufficient to understand the dynamics of the radiation belt.
Electron acceleration by whistler waves propagating obliquely to the direction of the ambient magnetic field has been reported by many authors (Bortnik et al. 2008; Tao & Bortnik 2010; Yoon et al. 2013 ). But, a new mode of whistler waves, quasi-electrostatic whistler (QEW) wave, is noticed when these waves propagate in a narrow range of propagation angles, i.e., close to the whistler resonance cone angle. The new mode plays a significant role in the energization of electrons to very high energies (Cattell et al. 2008; Yoon et al. 2013) . Recently, Goyal et al. (2017) theoretically investigated the dynamics of QEW waves and their interaction with lowfrequency kinetic Alfvén waves (KAWs) in Earth's radiation belts. They found that the whistlers have quasi-electrostatic characteristics when propagating close to the resonance cone angle. These authors also presented the electric field spectrum of high-frequency QEW waves in order to investigate the particle energization in the radian belt.
QEW waves have been studied theoretically by Sharma et al. (1998) . They showed that this wave can be generated by extraordinary electromagnetic waves when propagating near the resonance cone angle. Cattell et al. (2008) also demonstrated that the whistler waves bear quasi-electrostatic characteristics near the resonance cone. The energization of electrons by finite-amplitude, obliquely propagating whistler waves has been investigated recently by Yoon et al. (2013) using test particle simulation. They found that the electrons are accelerated efficiently by these waves when travelling close to the whistler resonance cone angle, although having relatively low amplitude. The electrons can also be energized to high energy by oblique whistler waves with a range of amplitudes and fixed propagation angle. It should be mentioned here that the approach of this paper is similar to that adopted by Goyal et al. (2017) . But the main difference between these two studies is that Goyal et al. (2017) studied the turbulence generated by a nonlinear interaction of high-frequency QEW waves (pump) and a low-frequency KAW. In their findings, the ponderomotive force associated with QEW waves drives the lowfrequency KAWs. The nonlinear coupling of these two wave modes perturb the background density and generate turbulence in this region. While in the current study, the ponderomotive force associated with the high-frequency QEW waves derives the low-frequency QEW waves and their nonlinear coupling is responsible for the density perturbation and turbulence in the radiation belt.
In this finding, we present a semi-analytical approach for the dynamics of self-driven high-amplitude QEW waves propagating obliquely to the ambient magnetic field in the Earth's outer radiation belt. The governing equations representing QEW waves are solved numerically. The simulation results show that a steeper spectrum at the dissipation range could result due to plasma energization and turbulence in Earth's radiation belt.
The organization of this paper is made in such a way that the governing equation for QEW waves and the equation for density perturbation by QEW waves are given in Section 2. The numerical solution of the set of equations and results are presented in Section 3. Finally, a summary of the current findings and discussion are given in Section 4.
Dynamical Equations

Dynamics of Quasi-electrostatic Whistler (QEW) Waves
We consider a high-amplitude whistler wave having a frequency, ω 0, of the order of electron cyclotron frequency, ω ce , and propagating in the x-z plane, i.e., at an angle θ to the ambient magnetic field ( =B B z 0 0 ). The governing equation representing QEW waves can be derived in the same way as obtained by Goyal et al. (2017) . For resonance, the index of refraction should be very large, i.e.,  ¥ ( ) n . Using this condition in Equation (4), we obtain
where q r is the resonance cone angle. It should be noted that the resonance cone angle, q r , is the angle close to which the whistler wave exhibits a new wave mode known as the QEW mode. Whereas, angle θ is the angle to the magnetic field (B z 0 ) at which the whistler wave is propagating in the magnetized plasma.
Using relation (7) in Equation (3), we find q w e q e e ¶ ¶ -
Replacing temporal and spatial derivatives by the angular frequency and wave number respectively, i.e., w ¶ ¶  -t i and ∂/∂x→ik, and substituting the expressions for € , € zx zz from Equations (5) and (6), Equation (9) gives the dispersion relation of QEW waves as where, k x 0 and k z 0 are the wave vectors of QEW waves. Now again, if we replace the angular frequency and wave numbers back to the temporal and spatial derivatives, we obtain the dynamical equation for QEW waves as 
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Density Perturbation
Whistler waves have a wide range of frequency therefore, we consider a low-frequency wave mode having frequency (< ω 0 ) and propagating in the same direction as QEW waves, i.e., at an angle θ to the ambient magnetic field ( =B B z 0 0 ). The dynamical equation for low-frequency QEW waves can be derived as where, q, n j v, m, and T are the charge, density, velocity, mass, and temperature of species j, i.e., electrons/ions respectively, and n 0 , γ, and k B , are the unperturbed plasma number density, ratio of specific heats, and Boltzmann constant, respectively.  where the right-hand side of Equation (18) is the z component of the ponderomotive force due to high-frequency QEW waves. It should be mentioned here that the ponderomotive force in the direction of the ambient magnetic field ( =B B z 0 0 ) is dominant over the other components and therefore the F ex and F ey are neglected as they are smaller. Substituting F ez from Equation (17) into Equation ( In Equation (19), we have used expressions of € € zx zz from Equations (5) and (6) and the condition of resonance i.e., q = E E tan x z r from Equation (7). Now using Equation 14(a), we can write the linear relation between E z and n e as
Using this relation, Equation Equations (13) and (22) can be written in a dimensionless form as These equations are normalized by x z t E , , , n n n n and n n , which are given as follows:
x n c k r k 2 t a n The numerical values of these coefficients can be calculated using the parameters in the radiation belt given below. For a numerical simulation, we use the following plasma parameters in the radiation belts (Cattell et al. 2008 , n n ≈5 cm −3 , andE n ≈3.3×10
statV/cm.
Numerical Simulations
The set of governing equations representing QEW waves and density perturbation (Equations (23) and (24)) are two coupled nonlinear differential equations. This set of equations is similar to the well-known Zakharov equation. Therefore, we named these governing equations here as Zakharov-like equations (for more information about the Zakharov equation please see Shen & Nicholson 1987) . These equations are solved numerically by a p a p á 2 2
x z periodic box, where a x , a = 1 z being the perturbation wave numbers, containing ( ) 128 2 grid points. The initial conditions used for current simulation are e a e a
where a x , and a = 1 z are perturbation wave numbers. The amplitude of the QEW waves in Equation (25) For the temporal evolution, we used a finite difference method having Δt=10
−5 as the step size along with a pseudo-spectral scheme for space integration. The numerical algorithm used to solve the Zakharov-like equation in this paper is needed to check whether this is working accurately. Therefore, we modify the current algorithm to the numerical code for the nonlinear Schrödinger equation (NLS). The nonlinear Schrödinger equation is an important and well-known model of nonlinear phenomena in fluids and plasmas (for more details please see Shen & Nicholson 1987) . The accuracy of this code (NLS) is identified by plasmon numbers conservation, which are given by = N å | | E k k 2 , and confirmed when plasmon numbers were found to be conserved with an high order (10
) of accuracy after running this code. Finally, we modify again the NLS code back to the code for the solution of the Zakharov-like equation given in the current finding.
First, the electric field intensity profile of QEW waves in the form of the generation of filaments/or thin sheets or slabs is shown in Figure 1(a)-(b) . This figure shows the electric field intensity variation along and across the ambient magnetic field, B 0 , i.e., along x and z at time t=5, 23, respectively. In the astrophysical plasma, the process of thin sheet/filament generation (localization) of wave is the same as for those of laser beam filamentation in laboratory plasmas. When a highpower laser beam propagates through plasma, it modifies the plasma density due to the ponderomotive force associated with that, and the refractive index of the medium is also changed. This environment acts as a converging lens for that beam and the generation of thin sheets/filaments or localization takes place. The same process takes place when QEW waves propagate through astrophysical plasma and thin sheets are generated as shown in Figure 1(a)-(b) . The thin sheets along the x-z plane in Figure 1 (a) taken at t=5 do not show any regular pattern, but they show a little chaotic distribution. At all instants of time before t=5, we noticed repetition of the initial condition and the modulational instability starts growing at this time, which can be seen as the amplitude of the highest sheet that is slightly greater than that of the magnitude of Equation (25; initial condition). These thin sheets become more intense and chaotic with time, and have the highest amplitude as well as a more chaotic distribution over the x-z plane at t=23 as displayed in Figure 1(b) . But no noticeable change in the amplitude or distribution of the thin sheets is seen beyond this time as the modulational instability saturates. In these thin sheets or density gradient regions, parallel electric fields accelerate the electrons in the direction of the ambient magnetic field (Tsiklauri 2012; Génot et al. 2000) . Therefore, these intense and chaotic thin sheets could be sites for charged particle energization. It should be mentioned here that the formation of thin sheets by QEW waves can be affected by nonlinearity and initial conditions. At the beginning of the evolution, the initial conditions can dominantly affect the localization of the wave, but as the quasi steady state is reached their (initial condition) effects are no longer dominant and other factors can affect the system.
To better understand the distribution and temporal evolution of the thin sheets, we give contour plots of | | E y 2 at different times in Figure 2(a)-(b) . Figure 2(a) shows a more clear distribution of the thin sheets along the x-z plane at t=5. At this time (t=5), thin sheets are randomly distributed over the x-z plane and no regular pattern of distribution is noticed in this figure, i.e., a somewhat chaotic state. At t=23, a more intense and chaotic distribution of the sheets can be seen in Figure 2 (b) . This figure also clearly shows that the system becomes more complex and grows into chaos with time.
To study the turbulence in the outer radiation belt, we present the electric field power spectrum (| | E f 2 versus frequency f) of QEW waves on frequency scales in Figure 3 . To obtain the spectrum at high frequency, we again run the code with a p a p á 2 2
x z periodic box having higheŕ ( ) 512 512 grid points, keeping all of the other parameters the same. This spectrum is taken at t=23, where the instability as well as the turbulence has achieved a quasi-stationary state. The electric field spectrum can be given by a power law of scaling -f 2.3 at high frequency as shown in Figure 3 . As we know that in the studies of turbulence, a spectrum steeper than Kolmogorov corresponds to the dissipation range. In this range, the turbulent cascade reaches smaller (kinetic) scales and wave-particle interactions occur. As the particles take some of the energy of the fluctuations, the spectrum gets steeper. The energization of the plasma by energy taken from the fluctuations could be the main reason for the steeper spectra. It should be mentioned here that the solid red line in the figure is given for the rough estimation of the scaling and not the actual one. 
